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Wklv sdshu frqvlghuv wkh odujh vdpsoh ehkdylru ri wkh pd{lpxp
olnholkrrg hvwlpdwru ri udqgrp hhfwv prghov zlwk vhuldo fruuhodwlrq
lq wkh irup ri DU+4, iru wkh lglrv|qfudwlf ru wlph0vshflf huuru frp0
srqhqw1 Frqvlvwhqw hvwlpdwlrq dqg dv|pswrwlf qrupdolw| dv Q dqg2ru
W jurzv odujh lv hvwdeolvkhg iru d frpsuhkhqvlyh vshflfdwlrq zklfk
qhvwv wkhvh prghov dv zhoo dv doo frpprqo| xvhg udqgrp hhfwv prg0
hov1 Zkhq Q ru W $4rqo| d vxevhw ri wkh sdudphwhuv duh frqvlvwhqw
dqg dv|pswrwlf qrupdolw| lv hvwdeolvkhg iru wkh frqvlvwhqw vxevhwv1
Nh|zrugv= Sdqho gdwd> vhuldo fruuhodwlrq> udqgrp hhfwv1




Hyhu vlqfh wkh vhplqdo zrun ri Edohvwud dqg Qhuoryh +4<99, wkhuh kdv ehhq
d odujh lqwhuhvw lq dqg xvh ri udqgrp hhfwv prghov1 Dq lpsruwdqw ixuwkhu
ghyhorsphqw zdv wkh jhqhudol}dwlrq ri wkh rqh0zd| prgho zlwk lqglylgxdo hi0
ihfwv wr doorz iru vhuldo fruuhodwlrq e| Oloodug dqg Zloolv +4<:;,1 Wklv prgho
fdswxuhv fruuhodwlrq lq wkh gdwd dw wkh lqglylgxdo ohyho dqg kdv ehhq hoder0
udwhg e|/ dprqj rwkhuv/ Dqghuvrq dqg Kvldr +4<;5,/ PdFxug| +4<;5, dqg
Edowdjl dqg Ol +4<<4/ 4<<7,1 Wklv lv/ krzhyhu/ qrw wkh rqo| frqfhlydeoh
vrxufh ri fruuhodwlrq1 Lw lv txlwh uhdvrqdeoh wr h{shfw udqgrp wlph hhfwv wr
eh fruuhodwhg dv zhoo  uh hfwlqj vhuldo fruuhodwlrq lq wkh yduldeohv gulylqj
xqrevhuyhg wlph vshflf khwhurjhqhlw|1 Wkhuh duh/ frqvhtxhqwo|/ d qxpehu
ri yduldwlrqv rq udqgrp hhfwv prghov doorzlqj iru fruuhodwlrq lq wkh wlph
hhfw1 Nlqj +4<;9, vwxglhv d rqh0zd| prgho zlwk vhuldoo| fruuhodwhg wlph
hhfwv/ Pdjqxv dqg Zrrgodqg +4<;;, frqvlghu d rqh0zd| prgho zlwk erwk
vhuldoo| fruuhodwhg wlph hhfwv dqg lglrv|qfudwlf huuruv lq d pxowlyduldwh vhw0
wlqj dqg Uhydqndu +4<:<, sursrvhg d wzr0zd| prgho zlwk vhuldoo| fruuhodwhg
wlph hhfwv1 Uhfhqwo| Nduovvrq dqg Vnrjoxqg +5333, ghulyhg d vwudljkwiru0
zdug pd{lpxp olnholkrrg hvwlpdwru dv zhoo dv k|srwkhvlv whvwv iru wkh odwwhu
prgho1
Zkloh udqgrp hhfwv prghov zlwk vhuldo fruuhodwlrq lq wkh huuru frpsr0
qhqwv duh ehlqj xvhg h{whqvlyho| lq hpslulfdo zrun wkh wkhruhwlfdo dvshfwv
duh ohvv zhoo ghyhorshg1 Dqghuvrq dqg Kvldr +4<;5, frqvlghu wkh frqvlv0
whqf| surshuwlhv ri wkh rqh0zd| prgho zlwk lqglylgxdo hhfwv dqg vhuldoo|
fruuhodwhg lglrv|qfudwlf hhfwv1 Dphpl|d +4<:4, suryhv wkh frqvlvwhqf| dqg
dv|pswrwlf qrupdolw| ri wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh vwdqgdug
wzr0zd| prgho dv erwk  dqg A jurzv odujh1 Wklv sdshu h{whqgv wkh zrun
ri Dqghuvrq dqg Kvldr dqg Dphpl|d e| hvwdeolvklqj wkh dv|pswrwlf surshu0
wlhv ri d frpsuhkhqvlyh udqgrp hhfwv vshflfdwlrq zklfk qhvwv wkh rqh0zd|
prghov zlwk vhuldo fruuhodwlrq dv zhoo dv wkh wzr0zd| prgho zlwk vhuldo fru0
uhodwlrq1 Pruh vshflfdoo|/ wkh prgho ri lqwhuhvw lv
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zlwk b| dq DUE/
b| ' 4bb|3￿ n |c +5,
dqg ￿| dq DUE/
￿| ' 4￿￿|3￿ n e￿|c +6,
zkhuh  ￿| ydulhv ryhu erwk lqglylgxdov dqg wlph/ _| lv lqglylgxdo0lqyduldqw dqg
￿ lv wlph0lqyduldqw1 Li wkhuh duh qr wlph hhfwv zh rewdlq wkh rqh0zd| prgho
5zlwk lqglylgxdo hhfwv dqg vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv dqg li wkhuh
duh qr lqglylgxdo hhfwv zh rewdlq wkh rqh0zd| prgho zlwk erwk vhuldoo|
fruuhodwhg wlph hhfwv dqg vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv1 Vhwwlqj
4￿ 'frewdlqv wkh wzr0zd| prgho zlwk vhuldoo| fruuhodwhg wlph hhfwv dqg
vhwwlqj 4b 'frewdlqv d prgho qrw glvfxvvhg suhylrxvo| lq wkh olwhudwxuh1
Wkdw lv/ wkh wzr0zd| prgho zlwk vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv dqg
lqghshqghqw wlph hhfwv1 Wkh vwdqgdug rqh0zd| prghov dqg wkh vwdqgdug
wzr0zd| prgho duh/ ri frxuvh/ qhvwhg lq wklv vshflfdwlrq dv zhoo1
Lq frqwudvw wr wkh hduolhu olwhudwxuh zh frqvlghu erwk frqvlvwhqf| dqg
dv|pswrwlf qrupdolw| zlwk wudglwlrqdo odujh  dqg {hg A dv zhoo dv zlwk
odujh A {hg  dqg erwk  dqg A odujh1 Zh dovr sd| vshfldo dwwhqwlrq wr
wkh hhfwv ri lqfoxglqj wlph ru lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv lq
wkh prgho1
W k hr u j d q l } d w l r qr iw k hs d s h ul vd vi r o o r z v 1V h f w l r q5s u h v h q w vw k hf r p s u h 0
khqvlyh vshflfdwlrq dqg wkh fruuhvsrqglqj pd{lpxp olnholkrrg hvwlpdwru1
Vhfwlrq 6 ghulyhv wkh dv|pswrwlf surshuwlhv dqg vhfwlrq 7 frqfoxghv zlwk
vrph qdo uhpdunv1 Doo wkh surriv duh lq dsshqgl{ E1
5 Wkh frpsuhkhqvlyh vshflfdwlrq
Lq pdwul{ irup wkh frpsuhkhqvlyh prgho lv zulwwhq
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c |   Efcj2
￿ lqghshqghqw ri hdfk rwkhu
dqg jc _ dqg 1 Lq dgglwlrq zh dvvxph wkdw 4bc4 ￿ 5 Ec1




















zkhuh aA @ A￿
A d A A pdwul{ ri rqhv dqg j2
￿[b lv wkh fryduldqfh pdwul{
ri b dqg j2
e[￿ lv fryduldqfh pdwul{ ri 1
Ohw  eh wkh fryduldqfh pdwul{ ri wkh rqh0zd| prgho zlwk lqglylgxdo
























Iroorzlqj Edowdjl dqg Ol +4<<4, ohw  eh wkh Sudlv0Zlqvwhq wudqvirupd0
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Hydoxdwlrq ri wkh olnholkrrg uhtxluhv qxphulfdo frpsxwdwlrq ri wkh ghwhu0
plqdqw dqg lqyhuvh ri wkh A  A pdwul{ WA n j2
￿[bW1 Wkh hohphqwv ri
wkh vfruh iru wkh frpsuhkhqvlyh orj olnholkrrg +8, duh jlyhq lq dsshqgl{ D14
dqg wkh lqirupdwlrq pdwul{ lq dsshqgl{ D151
6 Dv|pswrwlf surshuwlhv
Hvwdeolvklqj frqvlvwhqf| dqg dv|pswrwlf qrupdolw| lv frpsolfdwhg gxh wr wkh
idfw wkdw wkh olnholkrrg frqwdlqv whupv ri glhuhqw rughuv1 Ixuwkhupruh wkh
olnholkrrg fdqqrw eh hydoxdwhg dqdo|wlfdoo| zklfk frpsolfdwhv pdwwhu ixuwkhu1
7614 Dvvxpswlrqv
Wkh iroorzlqj dvvxpswlrqv duh vx!flhqw iru wkh uhvxowv
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rwkhu dqg jc _ dqg 1 Lq dgglwlrq j/ _ dqg  kdyh ixoo froxpq
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 lv _ dfurvv
c  ' cc dqg Ej￿|ccj￿|c_| lv vwulfwo| vwdwlrqdu| dqg hujrglf
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4￿c￿K 	 jc zkhuh Kc,K ghqrwh xsshu dqg orzhu erxqg uhvshfwlyho| dqg
 ' >cce/  ' bc zlwk wf wkh wuxh sdudphwhu yhfwru ehorqjlqj wr wkh
lqwhulru ri X
+f, Wkh qrupdol}hg prphqw pdwul{/ ￿
￿A~￿~/ frqyhujh lq suredelolw| wr d
qlwh srvlwlyh0ghqlwh pdwul{ dv  $4 cA $4ru cA $4 1 Lq







frqyhujh lq suredelolw| xqlirupo| rq X wr d qlwh srvlwlyh0ghqlwh pd0
wul{ dv  $4 cA $4ru cA $4
Wkh qrupdolw| dvvxpswlrq rq >￿c | dqg e￿| lq +d, lv fhuwdlqo| qrw qhfhv0
vdu| iru frqvlvwhqf| dujxphqwv1 Lw lv zhoo0nqrzq wkdw pd{lpl}lqj d qrupdo
orj0olnholkrrg hyhq wkrxjk wkh huuruv duh qrq0qrupdo zloo lq jhqhudo jlyh frq0
vlvwhqw hvwlpdwhv jlyhq vrph prphqw frqglwlrqv rq >￿c |ce ￿|1 Lqihuhqfh lv
krzhyhu pruh frpsolfdwhg vr lw lv frqyhqlhqw wr vwd| lq wkh Jdxvvldq iudph0
zrun1
Dvvxpswlrqv +e, lv vwdqgdug zkhuhdv dvvxpswlrq +f, pd| uhtxluh vrph
fodulfdwlrq1 Wkh uvw sduw ri dvvxpswlrq +f, lv wkh xvxdo prphqw frqgl0
wlrq rq wkh h{sodqdwru| yduldeohv hqfrxqwhuhg lq wkh dv|pswrwlf dqdo|vlv
ri ohdvw vtxduhv prghov1 Wkh vhfrqg sduw lv frqfhuqhg zlwk wkh txdgudwlf
irup/ ~￿P3￿~1 Lw dprxqwv wr dvvxplqj wkdw wkh qrupdol}hg txdgudwlf irup/
C3￿~￿P3￿~C
3￿/ kdyh wkh uhtxluhg olplw surshuwlhv1 Ohppd 9 lq dsshqgl{ E
ghulyhv wkh vfdolqjv qhfhvvdu| iru wkh eorfn gldjrqdo hohphqwv wr frqyhujh wr
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￿ P3￿ E￿Acj lv qrq0vlqjxodu1 Wklv lv
qrw wuxh dv fdq eh vhhq iurp wkh irup ri wkh vfdolqj pdwul{ lq +9,1 Wkh
frqvwdqw qhhgv glhuhqw qrupdol}dwlrq dqg wr frpsolfdwh pdwwhuv ixuwkhu wkh
dssursuldwh qrupdol}dwlrq ghshqgv rq wkh uhodwlyh udwh ri lqfuhdvh ri  dqg
A1 Wklv lqglfdwhv d jhqhudo sureohp zlwk wlph0lqyduldqw dqg2ru lqglylgxdo0
lqyduldqw h{sodqdwru| yduldeohv dqg lq wklv vhqvh zh fdq lqwhusuhw dvvxpswlrq
+f, dv wkdw wkh O dqg # pdwulfhv frqwdlq yduldeohv zlwk vx!flhqw yduld0





￿#￿P3￿# duh qxoo pdwulfhv zkhuhdv T*4A<"O￿P3￿O dqg
T*4￿<"#￿P3￿# duh udqgrp pdwulfhv1 Wkh dssursuldwh qrupdol}dwlrqv ri
wkhvh lqirupdwlrq hohphqwv dv erwk  dqg A jurzv odujh duh ￿
￿ dqg ￿
A uh0
vshfwlyho| dqg lq frqwudvw wr wkh frqvwdqw whup wkhvh qrupdol}dwlrqv gr qrw
g h s h q gr qw k hu h o d w l y hu d w hr il q f u h d v hr i dqg A1 Wklv looxvwudwhv wkdw wkh
ehkdylru ri wkh txdgudwlf irup/ ~￿P3￿~/ pd| glhu vkduso| iurp wkdw ri wkh
ruglqdu| irup/ ~￿~1
Zh pljkw uhpdun khuh wkdw wkh qrupdol}dwlrq pdwul{ jlyhq lq +9, dqg
ri frxuvh dvvxpswlrq +e, dv zhoo lv rqo| dssursuldwh iru wkh wzr0zd| prgho1
Iru wkh rqh0zd| prgho zlwk lqglylgxdo hhfwv #￿P3￿# '_￿W_ dqg khqfh
T*4￿<"
￿
￿#￿P3￿# lv d udqgrp pdwul{1 Vlploduo| lq wkh rqh0zd| prgho
zlwk wlph hhfwv T*4A<"
￿
A O￿P3￿O lv d udqgrp pdwul{1 Wkh dssursuldwh
qrupdol}dwlrqv ri wkh lqirupdwlrq hohphqwv #￿P3￿#c O￿P3￿O duh ￿
￿A dqg
￿
￿ uhvshfwlyho| lq wkh rqh0zd| prgho zlwk lqglylgxdo hhfwv dqg ￿
A dqg ￿
￿A
uhvshfwlyho| lq wkh rqh0zd| prgho zlwk wlph hhfwv1 Wkh xqltxh vfdolqj
pdwul{ iru wkh rqh0zd| prgho zlwk lqglylgxdo hhfwv lv rewdlqhg e| ohwwlqj
wkh uvw hohphqw ri _@}C eh uhsodfhg zlwk
s
 dqg 6Z d yhfwru frqwdlqlqj
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uvw hohphqw ri _@}C zlwk
s
A dqg ohwwlqj 6￿ eh d yhfwru frqwdlqlqj &￿ s
A1
Iru wkh sxusrvh ri jlylqj uhvxowv iru wkh rqh0zd| prghov zh ghqh XE￿￿











1 Fruuhvsrqglqjo| zh ghqh XE|￿ dv
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4￿c￿K 	 jc zkhuh Kc,K ghqrwh xsshu dqg orzhu erxqg uhvshfwlyho| dqg
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 ' ce/  ' bc zlwk w
E|￿
f wkh wuxh sdudphwhu yhfwru ehorqjlqj wr wkh
lqwhulru ri XE|￿
Xqohvv rwkhuzlvh lqglfdwhg lq wkh iroorzlqj uhvxowv iru wkh frpsuhkhqvlyh
prgho xvh dvvxpswlrqv +d,0+f, dqg uhvxowv iru wkh rqh0zd| prgho zlwk lq0
glylgxdo hhfwv xvh dvvxpswlrqv +d,/ +eE￿￿,/ +f,1 Dffruglqjo|/ uhvxowv iru wkh
rqh0zd| prgho zlwk wlph hhfwv xvh dvvxpswlrqv +d,/ +eE|￿, dqg +f,1
615 Frqvlvwhqf|
Rxu uvw uhvxow lv iru wkh frpsuhkhqvlyh prgho vshflhg e| wkh orj0olnholkrrg
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Wkh surri surfhhgv e| h{dplqlqj wkh suredelolw| olplw ri wkh orj0olnholkrrg
vwdqgdugl}hg e| ￿
￿A1 Wklv phwkrg lv qrw xvhixo iru ghdolqj zlwk wkh frqvwdqw
whup exw lw doorzv xv wr suryh vrph joredo frqvlvwhqf| uhvxowv iru wkh yduldqfh
sdudphwhuv zklfk duh qrw hdvlo| rewdlqhg rwkhuzlvh1 Wkh dv|pswrwlf surshu0
wlhv ri wkh frqvwdqw whup duh hvvhqwldoo| hvwdeolvkhg lq wzr ohppdv/ ohppd 9






frqvlvwhqw dqg khqfh wkh frqvwdqw lv qrw frqvlvwhqwo| hvwlpdwhg li rqo|  ru
A $4 1 Qrwh wkdw wkh lqfrqvlvwhqf| ri wkh frqvwdqw grhv qrw dhfw frq0
vlvwhqf| ri wkh
s
 frqvlvwhqw sdudphwhuv dv  $4 1 Qru grhv lw dhfw
frqvlvwhqf| ri wkh
s
A frqvlvwhqw sdudphwhuv dv A $4 1 Wkh lqwxlwlrq iru
wklv lv wkdw wkhvh hvwlpdwruv gr qrw +dw ohdvw qrw dv|pswrwlfdoo|, xvh lqirupd0
wlrq derxw wkh frqvwdqw1 Dqdorjrxvo|/ lqfrqvlvwhqf| ri iru h{dpsoh  +wkh
:sdudphwhuv ri lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv, dv  $4grhv
qrw dhfw frqvlvwhqf| ri wkh
s
 frqvlvwhqw sdudphwhuv41







dqg   2 dv A $4wr dfklhyh lghq0
wlfdwlrq ri wkh yduldqfh sdudphwhuv Ej2
ec4 ￿cj 2
￿c4 b1 D vlplodu uhtxluhphqw
dsshduv lq dvvxpswlrq +d, dqg wkhvh frqglwlrqv duh iuhtxhqwo| uhgxqgdqw
zkhq wkhuh duh wlph ru lqglylgxdo0lqyduldqw yduldeohv lq wkh prgho1
D qxpehu ri vshfldo fdvhv hphujhv iurp wkh deryh wkhruhp1 Iru h{dpsoh/
frqvlvwhqf| uhvxowv iru wkh wzr0zd| prgho zlwk vhuldoo| fruuhodwhg wlph hhfwv
dqg wkh wzr0zd| prgho zlwk vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv iroorz
dv gluhfw fruroodulhv iurp wkhruhp 41 Lq dgglwlrq li 4￿ ' 4b 'fdqg zh
kdyh qr wlph ru lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv wkhruhp 4 +l, jlyhv
wkh frqvlvwhqf| uhvxow ri Dphpl|d +4<:4, iru wkh vwdqgdug wzr0zd| prgho1
Wkhruhp 4 +ll, dqg +lll, wkhq jlyhv frqvlvwhqf| uhvxowv dv  $4dqg A $4
uhvshfwlyho| qrw fryhuhg lq Dphpl|d +4<:4,51
Wkhruhp 4 grhv qrw dsso| wr wkh rqh0zd| prgho zlwk erwk vhuldoo| fru0
uhodwhg wlph hhfwv dqg vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv vlqfh zh kdyh
qrw doorzhg iru j2
> 'f 1 Frqvlvwhqf| uhvxowv iru wklv prgho duh krzhyhu
vwudljkwiruzdug wr rewdlq





f rq XE|￿ dv cA $4+lw grhv qrw pdwwhu krz,
+ll, e 
R














$ fc e 
R
$ f dqg e 
R
$  f rq XE|￿ dv A $4dqg





















Lq frqwudvw wr wkh frpsuhkhqvlyh prgho frqvlghuhg lq wkhruhp 4 lw lv lq
wklv fdvh srvvleoh wr hvwlpdwh doo wkh sdudphwhuv frqvlvwhqwo| dv rqo| A $4 1
Wklv iroorzv vlqfh wkhuh lv qr lqglylgxdo hhfw zklfk frqirxqgv zlwk wkh
frqvwdqw whup ru wkh wlph0lqyduldqw h{sodqdwru| yduldeohv1 Wkh frqvwdqw lv
dffruglqjo|
s
A frqvlvwhqw qr pdwwhu zkdw wkh uhodwlyh udwh ri lqfuhdvh ri 
dqg A dqg  lv dffruglqjo|
s
A frqvlvwhqw1 Wkh qrq0suhvhqfh ri lqglylgxdo
4Wkh skudvh lqfrqvlvwhqw sdudphwhuv lv xvhg khuh wr uhihu wr sdudphwhuv zkrvh hvwl0
pdwru frqyhujh wr qrq0ghjhqhudwh udqgrp yduldeohv1





h dv W $4+dvvxplqj Q  5,1
;Wdeoh 4 Frqvlvwhqf| surshuwlhv ri udqgrp hhfwv prghov
Prgho Fdvh Fdvh
50zd| E>￿cb |c￿ ￿|￿ ￿ <" A <"
￿￿ ￿ ￿￿ ￿














b| ￿￿_c￿￿| ￿-E￿￿ ￿c￿cj2
>cj2
ec4 ￿ kc￿cj 2
￿ ￿c￿cj2
￿cj2
ec4 ￿ kc￿cj 2
>





ec4 ￿ kc￿cj 2
>
40zd| Eb|c￿ ￿|￿
￿￿ ￿ ￿￿ ￿










b| ￿￿_c￿￿| ￿-E￿￿ ￿c￿cj2





















Deeuhyldwlrqv= ￿@Frqvlvwhqw> ￿￿@Qrw Frqvlvwhqw
hhfwv dovr lpsolhv wkdw wkhuh lv d vrphzkdw zhdnhu lghqwlfdwlrq frqglwlrq
rq wkh yduldqfh sdudphwhuv Ej2
ec4 ￿ dv  $4 1
Ilqdoo| zh jlyh frqvlvwhqf| uhvxowv iru wkh rqh0zd| prgho zlwk lqglylgxdo
hhfwv dqg vhuldoo| fruuhodwhg lglrv|qfudwlf huuruv










$ fc e 
R
$  f dqg e 
R
$ f rq XE￿￿ dv  $4dqg li lq














rq XE￿￿ dv  $4
+lll, e 
R $ fc e 





 R $ Ej2
efc4 ￿f rq XE￿￿ dv A $4
Vlqfh qr wlph hhfw frqirxqgv zlwk wkh frqvwdqw ru wkh lqglylgxdo0lqyduldqw




A frqvlvwhqw uhvshfwlyho| lp0
so|lqj wkdw doo sdudphwhuv duh frqvlvwhqwo| hvwlpdwhg dv rqo|  $4 1Z h
dovr qrwh wkdw zh gr qrw qhhg   2 dv A $4wr lghqwli| wkh yduldqfh
sdudphwhuv Ej2
ec4 ￿1
Wkh uhvxowv lq wkhruhp 4 dqg fruroodulhv 4 dqg 5 fryhuv d qxpehu ri
lqwhuhvwlqj prghov frpprqo| xvhg lq sudfwlfh dqg lw lv xvhixo wr vxppdul}h
wkh frqvlvwhqf| surshuwlhv rewdlqhg1 Wklv lv grqh lq Wdeoh 41
<616 Dv|pswrwlf qrupdolw|
61614 Frpsuhkhqvlyh prgho
Lq wklv vhfwlrq rxu lqwhuhvw fhqwhuv rq wkh dv|pswrwlf glvwulexwlrq ri wkh




1E h i r u hw k h
vwdwhphqw ri wkh pdlq wkhruhp lw lv xvhixo wr froohfw vrph suholplqdu| uhvxowv
zklfk dsshdu lq ohppd 9 dqg : lq dsshqgl{ E1
Uhfdoo wkdw dvvxpswlrq +f, hqvxuhv wkdw wkh sduw ri wkh olplwlqj lqirupd0
wlrq pdwul{ zklfk ehorqjv wr wkh h{sodqdwru| yduldeohv lv d srvlwlyh0ghqlwh
pdwul{ dv hlwkhu ru erwk ri wkh lqglfhv jurz odujh1 Lq fdvh erwk  dqg
A $4wklv olplwlqj pdwul{/ ghqrwhg +/ lv reylrxvo| qrq0vwrfkdvwlf1 D pr0
phqwv frqvlghudwlrq dovr uhyhdov wkdw wklv pdwul{ ghshqgv rq wkh ehkdylru ri
wkh udwlr ￿
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zkhuh +j ' T*4￿cA<"
￿
￿Aj￿P3￿j dqg _b
































































￿/ v￿ ' / 
E￿34b￿2
j2
￿ dqg v2 ' /  j32
> 1
Wkh ohppd vkrzv wkdw zkhq erwk  dqg A $4w k hy d u l d q f hi r u p x o d /
dqg khqfh wkh dprxqw ri lqirupdwlrq lq wkh vdpsoh/ ghshqgv rq wkh eh0
kdylru ri wkh udwlr ￿
A 1 Lw lv lpsruwdqw wr qrwlfh wkdw wklv uhvxow grhv qrw
43uhodwh wr dvvxpswlrqv derxw wkh vdpsolqj ehkdylru ri wkh wlph0lqyduldqw dqg
wkh lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv1 Lq idfw lw krogv uhjdugohvv ri
zhwkhu wkh wlph0lqyduldqw dqg wkh lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv
duh uhjdughg dv {hg ru vwrfkdvwlf1 Qrwh krzhyhu wkdw li wkhvh yduldeohv duh
fhqwhuhg wkhq + uhgxfhv wr d eorfn0gldjrqdo pdwul{ wkdw rqo| ghshqgv rq
wkh ehkdylru ri wkh udwlr ￿
A wkurxjk wkh frqvwdqw whup1
Li rqo|  ru A $4dv lq wkhruhp 4 +ll, dqg +lll, sduw ri wkh sdudph0













c E|￿ 'E j2
ec4 ￿cj 2
￿c4 b
duh frqvlvwhqwo| hvwlpdwhg dv  dqg A $4uhvshfwlyho|1 Wkh olplwlqj glv0
wulexwlrqv ri wkh vxevhwv ri frqvlvwhqwo| hvwlpdwhg sdudphwhuv duh ri frxuvh
rqo| lqwhuhvwlqj li wkh| duh lqirupdwlrq eorfn0gldjrqdo wr wkh lqfrqvlvwhqw
sdudphwhuv1 Wkh iroorzlqj ohppd/ zklfk lv d gluhfw frqvhtxhqfh ri ohppd :
lq dsshqgl{ E/ lv xvhixo lq wklv uhvshfw
Ohppd 5 Dv  $4wkh lqirupdwlrq pdwul{ lv eorfn0gldjrqdo ehwzhhq w
￿
dqg Ekc￿cj 2







Prwlydwhg e| wklv ohppd wkh wkhruhp ehorz dssolhv d phdq0ydoxh h{sdq0
vlrq wr wkh sduw ri wkh vfruh yhfwru zklfk ehorqjv wr wkh frqvlvwhqw vxeyhfwruv1
Lq dgglwlrq wkh hohphqwv ri wkh olplwlqj lqirupdwlrq pdwul{ uhodwlqj wr wkh
frqvlvwhqwo| hvwlpdwhg vxeyhfwruv grhv qrw ghshqg rq wkh qxlvdqfh sdudph0
whuv Ekc￿cj2






A $4 1 W k l vi d f wl vl p s r u w d q wv l q f hl wl p s o l h vw k d wz hf d qr e w d l qx v h 0
ixo dssur{lpdwh yduldqfh irupxodv iru wkh vxevhwv ri frqvlvwhqwo| hvwlpdwhg
sdudphwhuv1
Zh qrz rewdlq wkh pdlq uhvxow ri wklv vhfwlrq1 Iru wklv sxusrvh ghqh











































Zh vkdoo dovr qhhg qrwdwlrq iru olplwv ri vxepdwulfhv ri wkh txdgudwlf irup

























dqg zh ixuwkhu ohw w ghqrwh d vhtxhqfh vxfk wkdw T*4w ' wf
Wkhruhp 5 +Frpsuhkhqvlyh prgho,
+l, 6￿A

e w  wf























d qlwh qrq0vlqjxodu pdwul{/ zlwk + ' +Ewf d
S￿
￿’￿ &￿n glphqvlrqdo
































































































































































































































































































































































Fruuhvsrqglqj dv|pswrwlf qrupdolw| uhvxowv iru wkh vwdqgdug wzr0zd|
prgho dqg wkh wzr0zd| prgho zlwk vhuldoo| fruuhodwhg wlph hhfwv ru vhuldoo|
fruuhodwhg lglrv|qfudwlf huuruv iroorz gluhfwo| iurp wkhruhp 51
61615 Rqh0zd| prghov
Dv|pswrwlf qrupdolw| uhvxowv iru wkh rqh0zd| prghov frqvlghuhg lq fruroodu| 4
dqg 5 fdq eh ghulyhg txlwh hdvlo| jlyhq wkhruhp 51 Zh frqfhqwudwh rq wkh rqh0
zd| prgho zlwk lqglylgxdo hhfwv lq wklv vhfwlrq/ fruuhvsrqglqj txdolwdwlyh
uhvxowv iru wkh rqh0zd| prgho zlwk wlph hhfwv iroorz vlploduo|1
Wkh olplwlqj lqirupdwlrq pdwul{ lv/ dv lq wkh wzr0zd| prgho/ eorfn0
gldjrqdo ehwzhhq frqvlvwhqw dqg lqfrqvlvwhqw sdudphwhuv1 Wklv doorzv xv wr
rewdlq wkh pdujlqdo olplwlqj glvwulexwlrq ri wkh frqvlvwhqwo| hvwlpdwhg sdud0
phwhuv zkhq A $4lq wkh vdph pdqqhu dv iru wkh wzr0zd| prgho1 Dovr/ wkh
olplwlqj lqirupdwlrq pdwul{ iru wkh frqvlvwhqwo| hvwlpdwhg sdudphwhuv grhv
qrw ghshqg rq wkh lqfrqvlvwhqw qxlvdqfh sdudphwhuv/ hqvxulqj wkdw zh fdq
hvwlpdwh wkh olplwlqj yduldqfh frqvlvwhqwo| lq wkh A $4fdvh1 Lq frqwudvw
wr wkh wzr0zd| prgho doo sdudphwhuv duh frqvlvwhqw dv  $4dqg zh rewdlq
mrlqw dv|pswrwlf qrupdolw| iru wkh ixoo sdudphwhu yhfwru xqghu  $4dv
zhoo dv cA $4 1
































c E￿￿| 'E j2
ec4 ￿ dqg zlwk vrph ixuwkhu reylrxv
qrwdwlrq zh kdyh












































































































































































































































































































































































































































Frpsdulqj wkh uhvxowv lq wkh fruroodu| deryh wr wkh uhvxowv lq wkhruhp 5
zh qrwh wkdw
Surshuw| 4 Lq frqwudvw wr wkh frpsuhkhqvlyh prgho wkh lqirupdwlrq hoh0
phqwv ri kc dqg  grhv qrw ghshqg rq wkh ehkdylru ri wkh udwlr ￿
A dv erwk
 dqg A jurzv odujh
Surshuw| 5 Dv  $4+ru cA $4 , wkh yduldqfh pdwul{ ri wkh yduldqfh
sdudphwhuv E￿￿ l vw k hv d p hl qe r w kp r g h o v
48Wkdw lv zh kdyh wkh vdph odujh  dv|pswrwlfv iru wkh yduldqfh sdudphwhuv/
E￿￿ lq wkh rqh0zd| prgho zlwk lqglylgxdo hhfwv dqg wkh wzr0zd| prgho1
Qrwlqj wkdw wkh rqh0zd| prgho zlwk lqglylgxdo vshflf udqgrp hhfwv lv
w|slfdoo| xvhg lq vlwxdwlrqv zkhuh odujh  dv|pswrwlfv duh dssursuldwh wklv
lqglfdwhv wkdw lw lv dv|pswrwlfdoo| frvwohvv wr yduldqfh urexvwli| e| lqfoxglqj
wlph vshflf udqgrp hhfwv dv zhoo1 Li lq dgglwlrq  lv fhqwhuhg dqg j lv
fhqwhuhg lq wkh  glphqvlrq zh kdyh wkh vdph odujh  olplwlqj yduldqfh lq
wkhvh prghov iru wkh sdudphwhu yhfwruv  dqg  dv zhoo1
617 Plvvshflfdwlrq
Lw lv zhoo0nqrzq wkdw lq wkh iudphzrun ri wkh fodvvlfdo olqhdu prgho plvvshfl0
fdwlrq ri wkh yduldqfh grhv lq jhqhudo qrw dhfw frqvlvwhqf| ri wkh uhjuhvvlrq
sdudphwhuv/ rqo| h!flhqf|1 Xqiruwxqdwho|/ lq wkh suhvhqw vlwxdwlrq wklv qhhg
qrw eh wuxh1 Dv lqglfdwhg e| wkh uhvxowv lq wkhruhp 4 dqg fruroodulhv 4 dqg
5 sureohpv dulvh vlqfh wkh wuxh dqg wkh shufhlyhg huuru frpsrqhqw vwuxfwxuh
qhhg qrw djuhh rq wkh dssursuldwh suredelolvwlf rughuv61 Wkh wkhruhp ehorz
looxvwudwhv zkdw fdq kdsshq
Wkhruhp 6 +Plvvshflfdwlrq ri huuru frpsrqhqwv, Vxssrvh dvvxps0
wlrqv E@cEK dqg ES krogv dqg wkh wuxh prgho lv wkh frpsuhkhqvlyh prgho
frqvlghuhg lq wkhruhp 4 exw wkh hvwlpdwhg prgho lv wkh rqh0zd| prgho zlwk
lqglylgxdo hhfwv frqvlghuhg lq fruroodu| 51 Wkhq/ iru &￿ ' c' c2c
+l, e 
E￿￿| lv lqfrqvlvwhqw dv  $4 cA $4ru cA $4dqg e j
2
> lv
lqfrqvlvwhqw dv  $4
+ll, Dv erwk cA $4+lw grhv qrw pdwwhu krz, e 
R






$ EqfcZf rq X zkhuhdv e k dqg e  duh lqfrqvlvwhqw1 Lq








f￿|￿ lv }hur ru qrw1
Li qrq0}hur/ e q
R $ qf ru e 
R $ f +ru erwk, rq X l  lv fhqwhuhg dqg j
lv fhqwhuhg lq wkh  glphqvlrq1 Li }hur/ e q
R
$ qf rq X l j lv fhqwhuhg
lq wkh  glphqvlrq dqg e 
R $ f rq X l  lv fhqwhuhg
Sduw wzr ri wkh wkhruhp pljkw vhhp frxqwhulqwxlwlyh lq wkh oljkw ri vwdq0
gdug wkhru| iru olqhdu uhjuhvvlrq1 Wkh nh| wr xqghuvwdqglqj wkh uhvxow lv wr
6Plvvshflfdwlrq ri wkh huuru frpsrqhqwv lpso| wkdw wkh yduldqfh ri wkh vfruh dqg wkh
qhjdwlyh h{shfwhg khvvldq qhhg qrw eh htxdo1 Lq dgglwlrq wkh| qhhg qrw kdyh wkh vdph
suredelolvwlf rughuv1
49qrwh wkdw lw lv wkh fdvh cA $4 / zkhuh doo uhjuhvvlrq sdudphwhuv duh hvwl0
pdwhg frqvlvwhqwo|/ wkdw fruuhvsrqgv wr wkh vwdqgdug wkhru|1 Lq wkh  $4
fdvh zh pd| wklqn ri wkh wlph hhfwv dv gxpp| yduldeohv huurqhrxvo| h{0
foxghg iurp wkh prgho1 Frqvlvwhqw hvwlpdwlrq ri wkh uhpdlqlqj uhjuhvvlrq
sdudphwhuv wkhq uhtxluhv wkdw wkh fruuhvsrqglqj h{sodqdwru| yduldeohv duh
ruwkrjrqdo wr wkh h{foxghg yduldeohv/ khqfh wkh qhhg iru fhqwhulqj1 Dowkrxjk
fhqwhulqj ri wkh gdwd uhfryhuv vrph ri wkh frqvlvwhqf| surshuwlhv iru wkh phdq
sdudphwhuv ri d fruuhfwo| vshflhg rqh0zd| prgho lw grhv qrw/ dqg lq frqwudvw
wr wkh urexvwlfdwlrq uhvxow lq surshuw| 5/ ohdg wr wkh vdph dv|pswrwlf glvwul0
exwlrq71 Wkhuh lv d orvv ri h!flhqf| dqg d vdqgzlfk0w|sh yduldqfh0fryduldqfh
hvwlpdwru vkrxog eh xvhg vlqfh wkh lqirupdwlrq pdwul{ htxdolw| idlov wr krog1
Dovr qrwh wkdw wkh gulylqj irufh iru wkh uhvxow lv wkh suhvhqfh ri wkh wlph
vshflf hhfwv shu vh1 Wkhruhp 6 krogv zhwkhu b| lv vhuldoo| fruuhodwhg ru
qrw1
7 Ilqdo uhpdunv
Sdqho gdwd prghov zklfk doorz iru vhuldo fruuhodwlrq duh h{whqvlyho| xvhg
lq dssolhg hfrqrphwulfv1 Wklv sdshu kdv h{soruhg wkh odujh vdpsoh wkhru|
iru d frpsuhkhqvlyh vshflfdwlrq zklfk qhvwv prvw ri wkh prghov xvhg lq
sudfwlfh81 Lq frqwudvw wr wkh suhylrxv olwhudwxuh zh kdyh wuhdwhg wkh frqvwdqw
whup dssursuldwho| dv zhoo dv doorzhg iru erwk wlph ru lqglylgxdo0lqyduldqw
udqgrp yduldeohv1
Lq whupv ri wkh frqvlvwhqf| surshuwlhv rewdlqhg rxu uhvxowv uhyhdo dq lq0
whuhvwlqj dqg/ shukdsv/ xqh{shfwhg glhuhqfh ehwzhhq ruglqdu| h{sodqdwru|
yduldeohv dqg h{sodqdwru| yduldeohv wkdw duh wlph ru lqglylgxdo0lqyduldqw1
Zkhuhdv wkh sdudphwhuv ri ruglqdu| h{sodqdwru| yduldeohv duh dozd|v hvwl0
pdwhg frqvlvwhqwo| zkhqhyhu  ru A $4wkh frqvlvwhqf| surshuwlhv ri
wkh sdudphwhuv ri wlph ru lqglylgxdo0lqyduldqw h{sodqdwru| yduldeohv ghshqg
fuxfldoo| rq wkh prgho1 Wkh vrxufh ri wklv glhuhqfh zdv dwwulexwhg wr frq0
irxqglqj zlwk wlph hhfwv dqg2ru lqglylgxdo hhfwv dqg/ ri frxuvh/ li wkhuh
duh qhlwkhu lqglylgxdo qru wlph hhfwv wkhvh sdudphwhuv kdyh wkh ghvludeoh
surshuwlhv ri wkh sdudphwhuv ri ruglqdu| h{sodqdwru| yduldeohv1
7Wkh uhdghu pd| qrwlfh wkdw dowkrxjk zh duh rqo| deoh wr uhfryhu vrph ri wkh frqvlv0
whqf| surshuwlhv ri wkh phdq sdudphwhuv lq d fruuhfwo| vshflhg rqh0zd| prgho zh rewdlq
h{dfwo| wkh vdph frqvlvwhqf| surshuwlhv ri wkh phdq sdudphwhuv dv iru wkh wzr0zd| prgho1
8Ri frxuvh/ qrqh ri wkh uhvxowv lq wklv sdshu duh vshfldo wr prghov zlwk vhuldo fruuhodwlrq1
Lq dgglwlrq wkh uhvxowv iru wkh yduldqfh frpsrqhqwv dqg wkh ruglqdu| h{sodqdwru| yduldeohv
gr qrw ghshqg rq wkh suhvhqfh ru qrq0suhvhqfh ri lqglylgxdo ru wlph0lqyduldqw h{sodqdwru|
yduldeohv1
4:Rxu uhvxowv rq dv|pswrwlf qrupdolw| uhyhdohg d xvhixo fkdudfwhul}dwlrq
ri wkh olplwlqj lqirupdwlrq pdwul{1 Wkh vhw ri frqvlvwhqw sdudphwhuv +dv
 ru A $4 , duh lqirupdwlrq eorfn0gldjrqdo wr wkh vhw ri lqfrqvlvwhqw
sdudphwhuv dqg wkh vhw ri frqvlvwhqw phdq sdudphwhuv duh dozd|v lqirupdwlrq
eorfn0gldjrqdo wr wkh vhw ri frqvlvwhqw yduldqfh sdudphwhuv1 Lq dgglwlrq wkh
hohphqwv ri lqirupdwlrq ri wkh frqvlvwhqw sdudphwhuv gr qrw ghshqg rq wkh
lqfrqvlvwhqw sdudphwhuv/ hqvxulqj wkdw wkh yduldqfh pdwul{ ri frqvlvwhqwo|
hvwlpdwhg sdudphwhuv fdq eh frqvlvwhqwo| hvwlpdwhg1
Dv dq dssolfdwlrq ri wkh uhvxowv rewdlqhg zh frqvlghuhg wkh frqvhtxhqfhv
ri huuru frpsrqhqw plvvshflfdwlrq1 Lq wklv vlwxdwlrq lw lv xvhixo wr zrun zlwk
ghyldwlrqv iurp phdqv wr jxdug +lqfrpsohwho|, djdlqvw srvvleoh lqfrqvlvwhqf|
ri wkh phdq sdudphwhuv dqg lqghhg wkh lghd ri fhqwhulqj lv dovr xvhixo lq wkh
frqwh{w ri urexvwlfdwlrq1
Srvvleoh h{whqvlrqv ri rxu uhvxowv lqfoxgh lqwurgxflqj g|qdplfv lq irup
ri d odjjhg ghshqghqw yduldeoh dv zhoo dv doorzlqj iru wlph wuhqgv frpprqo|
hpsor|hg lq sudfwlfh1 Jlyhq wkh suhvhqw uhvxowv rqh zrxog vxvshfw wkdw d
olqhdu wlph wuhqg lv A ￿*2 frqvlvwhqw lq wkh wzr0zd| prgho dqg wkh rqh0zd|
prgho zlwk wlph hhfwv exw
s
A￿*2 frqvlvwhqw lq wkh rqh0zd| prgho zlwk
lqglylgxdo hhfwv1 Krzhyhu wkhvh dqg rwkhu lvvxhv duh ohiw iru ixwxuh zrun1
4;DV f r u h d q g L q i r u p d w l r q
D14 Wkh vfruh yhfwru
Wklv dsshqgl{ ghulyhv wkh hohphqwv ri wkh vfruh yhfwru1 Iru wkh uhjuhvvlrq









































































zkhuh 3￿ ' j2





































































zkhuh h % 'E ￿
￿ 
 W% dqg % 'E ￿
￿ 











































































































'| h E P
3￿Ea￿ 






































































zkhuh # lv d edqg pdwul{ zlwk }hurv rq wkh pdlq gldjrqdo dqg 4
￿3￿
b rq wkh































































D15 Wkh lqirupdwlrq pdwul{
Wklv dsshqgl{ ghulyhv wkh hohphqwv ri wkh lqirupdwlrq pdwul{1 Iru wkh uvw


































k _e E  4￿
e  2j3e


















































































































































 |hEW[￿Ww￿  2 |hEW[￿W3￿Ww￿
n2 |hE3￿W[￿W3￿Ww￿W

Ilqdoo| iru wkh hohphqwv lqyroylqj j2



























































55ES u r r i v
D qxpehu ri h{suhvvlrqv lqyroylqj wkh frpsrqhqwv ri wkh yduldqfh pdwul{ P
dsshdu iuhtxhqwo| lq wkh surriv1 D vhulhv ri ohppdv ehorz vxppdul}hv vrph
edvlf uhvxowv iru wkhvh h{suhvvlrqv1 Xqohvv rwkhuzlvh lqglfdwhg lq fdvh ri mrlqw
frqyhujhqfh EcA $4  q ru h v w u l f w l r qr qw k hl q g l f h vd u hq h h g h gd q gm r l q w
olplwv fdq dovr eh frpsxwhg dv vhtxhqwldo olplwv e| ohwwlqj A $4iroorzhg
e|  $4 / vhh Skloolsv dqg Prrq +4<<</ fruroodu| 4,1
Ohppd 6 Ohw  eh wkh Sudlv0Zlqvwhq wudqvirupdwlrq pdwul{ iru dq DUE
surfhvv zlwk sdudphwhu 4c [ wkh yduldqfh fryduldqfh pdwul{ ri dq DUE
surfhvv zlwk sdudphwhu o dqg xqlw yduldqfh dqg ohw k
A eh d yhfwru zlwk uvw
hohphqw
s




  o2 
2EA  




























































































nE o  4

zkhuh S 'E  o21 Qrwh wkdw wkhvhv pdwulfhv duh lqghshqghqw ri  dqg wkdw
wkh olplwv krog zkhq cA $4dv zhoo1









 dqg frqvlghu iUW zh wkhq







dw wkh udwh A 3￿ dv A $4 1
56Ohw  ' [
3￿
b n j2

























































































3￿  'f 



































A  $ f dv A $4vlqfh _2 ' k2 nE A  1 Qh{w wkh hv0
wdeolvkhg olplw iru iU3￿ dv A $4iroorzv iurp wkh hohphqwzlvh frq0




￿W hohphqwzlvh1 Wkhq *4￿<" k￿
A W3￿k
A 'fdqg
*4￿<"|hEW3￿W['firoorzv lpphgldwho| iurp *4￿<" iU 3￿ '
f1 Wr hvwdeolvk wkh A $4olplw ri ￿
A Rk￿
A W3￿k
A 'f cR: zh qrwh









3￿ zklfk kdv wkh irup ri wkh lqyhuvh ri
57d PD+4, fryduldqfh pdwul{/ wkdw lv wkh r0gldjrqdo hohphqwv ghfd| h{srqhq0
wldoo|1 Vlqfh W frqyhujhv hohphqwzlvh wr d edqg0gldjrqdo pdwul{ lw iroorzv




A frqyhujhv wr d frqvwdqw vlqfh wklv lv wkh























b dqg m3￿m 	
m[bm ' ￿
￿342
b1 Lq dgglwlrq m3￿m : f vlqfh  lv srvlwlyh ghqlwh dqg wkh
uhvxowv iroorz1
Iru *?m3￿m zh kdyh *?m3￿m 	 *?E  42
b/ d orzhu erxqg lv rewdlqhg


























￿’￿ *?E n 42
b n &'
A *?E n 42
b n & zkhuh & '4 @   @W
￿￿1Q r w h w k d w & ghshqgv rq A dqg
dssurdfkhv j2
￿ E n 42
b*j2
e dv A $4































zkhuh f 'E j2
￿f[bf n j2

































zlwk |hE[￿f￿ dqg k￿
A [￿f￿k



























































































































k _2 E  4￿
























A 'f c' bc
iroorzv iurp ohppd 6 vlqfh j2
k ' EA dqg _2 ' EA1 Wkh olplwv dv A $4
ri wkh irxuwk dqg iwk whup iroorz iurp ohppd 6 dqg ohppd 7 hvwdeolvkhg
wkdw wkh vl{wk whup frqyhujhv wr }hur1 Iru wkh odvw wzr whupv zh kdyh e| wkh







































zklfk lv zhoo ghqhg +dqg qrq0}hur, vlqfh wkh gldjrqdo hohphqwv ri wkh pd0
wul{ duh E1 Uhshdwhgo| dsso|lqj hohphqwdu| uhvxowv rq lqyhuvhv ri vxpv
+Gku|phv +4<;7/ s1 6<,, wr wkhvh odvw wzr whupv dqg wkhq froohfwlqj whupv
rewdlqv wkh h{suhvvlrq jlyhq lq wkh wkhruhp1 Wklv frpsohwhv wkh surri ri wkh
A $4fdvh1
59Qrz frqvlghu wkh fdvh zkhq  $4 1 Vlqfh doo exw wkh wkuhh odvw whupv


















































iroorzv vlqfh *4￿<" 3￿ 'E j2
￿W
3￿ hohphqwzlvh1 Froohfwlqj whupv dv lq
wkh A $4fdvh wkhq jlyhv wkh uhvxow1
Ilqdoo| wkh uhvxow iru cA $4iroorzv e| wdnlqj vhtxhqwldo olplwv dqg
xvlqj ohppd 6
Wkh iroorzlqj ohppd jlyhv vrph edvlf olplw uhvxowv iru wkh h{suhvvlrqv
~￿P3￿%/ ￿
￿AP3￿￿Ac#￿P3￿# dqg O￿P3￿O1 Lq wkh surri ri wkh uhvxowv lq
wklv ohppd zh pdnh h{whqvlyh xvh ri hohphqwdu| uhvxowv rq lqyhuvhv lqyroylqj
vxpv +Gku|phv +4<;7/ s1 6<,,/ dsso|lqj wkhp uhshdwhgo| wr rewdlq pdqdjh0
deoh h{suhvvlrqv1





















































































￿ E  4b
32






























































zkhuh ,￿ ' W￿  a￿ca￿ ' ￿
￿￿￿























































































































































































zkhuh o| ghqrwhv wkh | G | hohphqw ri ￿k
A dqg S| ghqrwhv dq hohphqw ri





A1I x u w k h u u|co ghqrwhv wkh |o G |







wkh |o G | hohphqw ri wkh A  A pdwul{ W1





















dv  $4 cA $4ru cA $4duh vwudljkwiruzdug wr vkrz vlqfh ￿k
A lv











zh qhhg wr frqvlghu wkh surshuwlhv ri S|1I l u v w /v l q f hS| lv wkh | G | hohphqw ri
wA ' j32
k E  4￿3￿￿k
A dqg 3￿ frqyhujhv hohphqwzlvh wr d pdwul{ zlwk
h{srqhqwldoo| ghfd|lqj r0gldjrqdov/ hyhu| hohphqw ri wA lv dq h{srqhqwldoo|





1 Wklv vkrzv wkdw +;, lv }hur dv hlwkhu ru erwk ri wkh lqglfhv
jurzv odujh1





































￿ lv edqg0gldjrqdo dqg ￿k














dv  $4 cA $4ru cA $4zh qhhg wr hvwdeolvk vrph surshuwlhv
ri w3￿1 Iru wklv sxusrvh zh ohw [￿￿ ' WAc" eh wkh hljhqyhfwruv ri [b
l qw k hp h w u l fr i[￿1W k d w l v / [￿￿' "\ zkhuh \ lv gldjrqdo dqg " lv
ruwkrjrqdo1 Ixuwkhu ohw ` ' 















































A" lv lghpsrwhqw/ # 'j2
￿\ n j2
eWA lv gldjrqdo1 Vlqfh \
lv gldjrqdo zlwk erxqghg frqvwdqw hohphqwv vhwwlqj \ ')WA zloo qrw fkdqjh
wkh rughu surshuwlhv ri w3￿1 Khqfh/ ghqlqj ,
￿























zklfk vkrzv wkdw w3￿ lv vlplodu wr W h{fhsw wkdw wkh hohphqwv ri w3￿ duh
E3￿1 Wklv vkrzv wkdw +<, krogv1


























vlqfh b| kdyh }hur phdq dqg e| wkh surshuwlhv ri w3￿1 Lw iroorzv wkdw wkh
suredelolw| olplw lv }hur dv erwk  dqg A $4dv zhoo1 Wklv frpsohwhv wkh
surri ri wkh uvw uhvxow lq wkh ohppd1 Zh frqvlghu qh{w wkh olplwv ri wkh
whupv lqyroylqj wkh frqvwdqw1
Wr rewdlq uhvxowv iru ￿




















































































































































64vlqfh #| ' ￿
A3￿k









































































































































Ab dqg b lv wkh Sudlv0Zlqvwhq wudqvirupdwlrq pdwul{ iru





















































































































￿ E  4b
32
Wklv frpsohwhv wkh surri iru wkh whupv lqyroylqj wkh frqvwdqw dqg zh surfhhg
wr frqvlghu wkh olplw uhvxowv iru wkh whupv lqyroylqj wlph0lqyduldqw h{sodqd0



























l vdq x o oy h f w r ud vh l w k h uA $4ru cA $4lw vx!fhv wr qrwh wkh surshuwlhv
ri w3￿1 E| wkh surshuwlhv ri w3￿ zh vlploduo| kdyh T*4￿<"
￿
A _￿w3￿ 9' f
dqg T*4￿<"
￿
A _￿w3￿ ' f1U h v x o w vi r uT*4 ￿
￿O￿P3￿% dqg T*4 ￿
￿AO￿P3￿%
fdq eh vkrzq dqdorjrxvo|1 Uhpdlqlqj uhvxowv fdq eh ghulyhg e| qrwlqj wkdw
￿
A #￿P3￿# '￿









Wkh qh{w dqg qdo ohppd jlyhv vrph lpsruwdqw uhvxowv derxw wkh olplw
ehkdylru ri wkh lqirupdwlrq furvv0hohphqwv iru wkh phdq sdudphwhuv/  dqg
wkh hohphqwv LBc￿1 Olplw uhvxowv iru wkh hohphqwv L￿c￿ dsshdu lq wkhruhp 51
Wr vxppdul}h vrph ri wkh frqwhqw lq wklv ohppd zh fdq vd| wkdw wkh vhw
ri frqvlvwhqw sdudphwhuv +dv  $4ru A $4 , duh lqirupdwlrq eorfn0
gldjrqdo wr wkh vhw ri lqfrqvlvwhqw sdudphwhuv dqg wkdw wkh vhw ri frqvlvwhqw
phdq sdudphwhuv dqg wkh vhw ri frqvlvwhqw yduldqfh sdudphwhuv duh dozd|v
lqirupdwlrq eorfn0gldjrqdo1
Ohppd : Dv hlwkhu ru erwk ri  dqg A $4wkh furvv0hohphqwv +surshuo|
qrupdol}hg ri frxuvh, LqcE￿ck￿c LZcE￿￿c￿2￿c L￿cE￿2c￿￿￿ dqg Lkc￿2/ frqyhujh hohphq0
wzlvh wr }hur lq suredelolw| +ru lq h{shfwdwlrq,/ zkhuh ￿ ' j2
>/ 2 'E j2
ec4 ￿
dqg ￿ 'E j2
￿c4 b1D v  $4+qr pdwwhu zkdw A lv, wklv krogv iru
L￿￿cEkc￿cZc￿2￿c L￿2c￿￿c LqcZ dqg dv A $4+qr pdwwhu zkdw  lv, iru L￿2cEkcZc￿c￿￿￿c
L￿2c￿￿c dqg Lqc￿1 Zh qrz frqfhqwudwh rq pdlqo| wkh qrq0}hur furvv hohphqwv




















b cE  4b
q




































































































































Surri1 W k h v hu h v x o w vf d qe hs u r y h gz l w kh { d f w o |w k hv d p hp h w k r g vd vl q
ohppd 91 Lq idfw wkh vdph pdwulfhv duh lqyroyhg lq wkh h{suhvvlrqv dqg wkh
surri lv wkhuhiruh rplwwhg
Qh{w zh jlyh wkh surriv ri wkh wkhruhpv lq wkh wh{w1
Surri wkhruhp 41 Wkh phwkrg ri surri lv wr h{dplqh wkh sured0
elolw| olplw ri wkh vwdqgdugl}hg orj0olnholkrrg1 Lw lv krzhyhu qrw xvhixo iru
67ghdolqj zlwk wkh frqvwdqw1 Lq idfw/ wkh frqvwdqw gursv rxw ri wkh dqdo|vlv1
Wkh uhdvrq iru dgrswlqj wklv phwkrg lv wkdw zh fdq +lq prvw fdvhv, suryh
joredo frqvlvwhqf| uhvxowv iru wkh rwkhu sdudphwhuv zklfk duh qrw hdvlo| re0
wdlqhg rwkhuzlvh1 Dv|pswrwlf surshuwlhv ri wkh frqvwdqw whup duh hvwdeolvkhg
vhsdudwho| dw wkh hqg ri wkh surri1



















































E| wkhruhp 71414 ri Dphpl|d +4<;8, zh qhhg wr yhuli| wkdw +l, wkh sdud0
phwhu vsdfh X lv d frpsdfw vxevhw ri wkh Hxfolghdq g0vsdfh/ +ll, Ec lv
frqwlqxrxv lq w 5 X iru doo E)cj dqg lv d phdvxudeoh ixqfwlrq ri E)cj iru
doo w 5 X/ +lll, `3￿Ec frqyhujhv wr d qrqvwrfkdvwlf ixqfwlrq/ vd| f/l q
suredelolw| xqlirupo| lq w 5 X dv ` $4dqg f lv xqltxho| plqlpl}hg dw
wf1 Vlqfh +l, iroorzv iurp dvvxpswlrq +e, dqg +ll, lv wulyldo lw uhpdlqv wr vkrz
+lll,1 Wklv lqyroyhv qglqj wkh olplw ri ` 3￿Ec dv ` $4zlwk ` ' /
` ' A dqg ` ' A uhvshfwlyho|1






























































68zlwk +  ' T*4￿cA<"
￿

































dqg lw lv vwudljkwiruzdug wr yhuli| wkdw +44, lv xqltxho| plqlpl}hg dw ' f/
j2
e ' j2
ef dqg  ' f1 Kdylqj hvwdeolvkhg wkh frqvlvwhqf| ri pd{lpxp olnh0
olkrrg hvwlpdwruv e ce j
2
ece 4￿ dv cA $4zh rewdlq wkh xqlirup suredelolw|



































































































z k h u hz hk d y hx v h go h p p d8w rh y d o x d w h*4￿<"
￿
2￿A.%￿P3￿%/o h p p d7 /9
















































































69Hydoxdwlqj |hE[￿f￿ dqg k￿
A [￿f￿k
A dv lq ohppd 6 zh fdq vkrz wkdw




>f1W k l vh v w d e 0
olvkhv wkh frqvlvwhqf| ri e ce j
2
ece 4￿ dv  $4dv zhoo dv wkh frqvlvwhqf| ri
e j
2
>c e  dv  $4ru cA $4 1
Frqvlghu qh{w wkh xqlirup suredelolw| olplw ri +43, dv   2 lv { dqg
A $4 1 Qrwlqj wkdw ohppd 9 dqg : dqg dvvxpswlrq +f, hqvxuhv wkdw
# 'E 
￿c￿




















































































zkhuh f dqg  duh jlyhq lq ohppd 81 Wkh uvw dqg vhfrqg urz ri +46, duh
xqltxho| plqlpl}hg dw j2
e ' j2
efc4 ￿ ' 4￿f1 Krzhyhu zh fdqqrw hydoxdwh wkh
odvw wzr urzv dqdo|wlfdoo| zklfk frpsolfdwhv vkrzlqj xqltxhqhvv joredoo|91
Zh fdq suryh wkh h{lvwhqfh ri d frqvlvwhqw urrw wkrxjk +fi1 Dphpl|d +4<;8/
wkhruhp 71415,,1 Dsso|lqj pdwul{ glhuhqwldwlrq wr +46, xvlqj vwdqgdug uh0
vxowv iru lqwhufkdqjlqj wkh olplw dqg wkh ghulydwlyh h1j1 Uxglq +4<:9/ s 485,
lw lv vwudljkwiruzdug wr vkrz wkdw wkh wuxh sdudphwhuv duh d vroxwlrq wr wkh
uvw rughu frqglwlrq1 Ri frxuvh wkhq zh dovr qhhg wr yhuli| wkdw wkh vhfrqg
ghulydwlyh pdwul{ lv srvlwlyh0ghqlwh zkhq hydoxdwhg dw wkh wuxh sdudphwhuv1
Exw wklv lv vwudljkwiruzdug wr gr dv zhoo1 Wklv suryhv wkh joredo frqvlvwhqf|







































zklfk lv joredoo| plqlpl}hg dw wkh wuxh sdudphwhuv li Q  51
6:ri e c e  dv A $4+dqg dovr wkh joredo frqvlvwhqf| ri e  dv cA $4 ,d q g




￿ce 4b dv A $4 1V l q f hw k h
lqirupdwlrq pdwul{ lv srvlwlyh ghqlwh ryhu wkh ixoo sdudphwhu vsdfh zkhq
cA $4+ d vv k r z ql qw k h r u h p5 ,w k l vd o v rs u r y h vw k hj o r e d of r q v l v w h q f |
ri e j
2
￿ce 4b dv cA $4 1
Ilqdoo| zh rewdlq uhvxowv iru wkh frqvwdqw whup1 Wr rewdlq d orfdo frqvlv0
whqf| uhvxow iru e k dv cA $4lw vx!fhv wr frqvlghu ohppd 91 Lq idfw e k
fdq eh vkrzq wr eh joredoo| frqvlvwhqw dv cA $4e| wkh uhvxowv lq ohppd
9 dqg ohppd : dqg wkh idfw wkdw wkh lqirupdwlrq pdwul{ lv srvlwlyh ghqlwh
ryhu wkh ixoo sdudphwhu vsdfh iru wkh uhpdlqlqj sdudphwhuv1 Dv d vshfldo fdvh
ri ohppd 9 zh rewdlq wkh lqfrqvlvwhqf| ri e k dv rqo|  $4ru A $4
Surri wkhruhp 51 Zh uvw ghulyh wkh uhvxowv zkhq cA $4dqg
khqfh wkh ixoo sdudphwhu yhfwru lv frqvlvwhqwo| hvwlpdwhg1 Iru wkh sxusrvh
ri hvwdeolvklqj dv|pswrwlf qrupdolw| ri e w lw lv xvhixo wr vwuxfwxuh  dv  '
Ekc￿c ￿c
￿
￿ dqg zh zloo gr vr ehorz1 E| wkh phdq ydoxh wkhruhp iru











e w  wf

+47,


























zkhuh 6q lv d yhfwru frqwdlqlqj &￿
s





 uhvshfwlyho|1 Zh fdq wkhq zulwh
6￿A


























Iurp wkhruhp 71416 ri Dphpl|d +4<;8, zh qhhg wr vkrz wkdw +lq dgglwlrq
wr orfdo frqvlvwhqf| Dphpl|d +4<;8/ wkhruhp 71415,, +l, ,Ec 5 2 lq d






































































d qlwh qrq0vlqjxodu pdwul{1 Qrwh wkdw +l, lv wulyldoo| vdwlvhg dqg e| dv0








lv vwudljkwiruzdug wr yhuli| iurp dsshqgl{ D14/ dqg
V￿ Ewf'VEwf
iroorzv iurp wkh lqirupdwlrq pdwul{ htxdolw|1 Wr vkrz +ll, zh wdnh xqlirup
olplwv ri wkh dssursuldwho| vfdohg hohphqwv ri wkh lqirupdwlrq pdwul{ rewdlqhg
iurp dsshqgl{ D151 Wkh olplwv iru wkh yduldqfh sdudphwhuv duh vwudljkwiru0
zdug wr ghulyh xvlqj ohppd 7 dqg uhshdwhgo| xvlqj hohphqwdu| uhvxowv rq
























Ek2 nE A  
2 E  4￿
e

Ek2 nE A  j2




























































































































































































































































b# zlwk # de d q g
pdwul{ zlwk }hurv rq wkh pdlq gldjrqdo dqg 4
￿3￿













bEA   n 2EA  1 Khqfh
































































































































c5'  ru A dqg
























Wr vkrz +lll, qrwh wkdw wkh hohphqwv ri wkh vfruh iru  lv d olqhdu frpelqd0
wlrq ri wkh qrupdo % dqg wkh vfruh iru wkh yduldqfh sdudphwhuv/  duh olqhdu




iru vxlwdeoh fkrlfh ri K dqg v|pphwulf pdwul{ 1 Zh wkhq dsso| wkh iroorzlqj
ohppd dgdswhg iurp Dphpl|d +4<:4, wr wkh txdgudwlf irupv lq dsshqgl{ D14
74Ohppd1 Ohw dq ?0frpsrqhqw yhfwru udqgrp yduldeoh    Efc\/ B




￿ E/z k h u hw k h)￿r duh o qrq0}hur fkdudfwhulvwlf
urrwv ri \B dqg hdfk 2
￿ E lv dq lqghshqghqw fkl0vtxduh1 Li O lv dqrwkhu
qrq0qhjdwlyh ghqlwh v|pphwulf pdwul{/ ULE￿Bc
￿O'2| hE B\O\1
Dv|pswrwlf qrupdolw| ri wkh dssursuldwho| qrupdol}hg vfruh yhfwru fdq
wkhq eh vkrzq e| hvwdeolvklqj vhtxhqwldo zhdn frqyhujhqfh uhvxowv lq fdvh
￿
A $4ru A
￿ $4+vhh Skloolsv dqg Prrq +4<<</ vhfwlrq 616,, dqg lq fdvh
cA $4vlpxowdqhrxvo| d pxowlyduldwh FOW iru wuldqjxodu duud|v pd| eh
dssolhg1
Wr hvwdeolvk wkh uhvxowv dv rqo|  ru A $4zh dsso| wkh h{sdqvlrq













































































































Wr vkrz +ll, iru wkhvh fdvhv zh qhhg wr h{dplqh wkh frqyhujhqfh ri wkh
lqirupdwlrq pdwulfhv dv  dqg A $4uhvshfwlyho|1 Dv  $4zh qg
































































































￿E￿￿ lv srvlwlyh0ghqlwh e| wkhruhp 4 dqg
vwdqgdug uhvxowv ri pxowlyduldwh fdofxoxv1




































































































































































wkhq iroorzv iurp wkh uhvxowv lq wkhruhp 41
Wkhvh uhvxowv vkrz wkdw wkh lqirupdwlrq hohphqwv ri wkh vxevhwv ri frqvlv0
whqw yduldqfh sdudphwhuv gr qrw ghshqg rq wkh lqfrqvlvwhqw qxlvdqfh sdud0
phwhuv dv  $4dqg A $4uhvshfwlyho|1 Wr vkrz wklv iru wkh lqirupdwlrq
hohphqwv ri wkh vxevhwv ri frqvlvwhqw uhjuhvvlrq sdudphwhuv dv zhoo zh zulwh/
































































































k ' EA1 Vlploduo| rqh fdq
vkrz wkdw furvv0hohphqwv dv zhoo dv lqirupdwlrq hohphqwv ri wlph0lqyduldqw
h{sodqdwru| yduldeohv dqg lqglylgxdo0lqyduldqw udqgrp yduldeohv gr qrw gh0
shqg rq qxlvdqfh sdudphwhuv dv  dqg A $4uhvshfwlyho|1 Ilqdoo|/ dv|ps0
wrwlf qrupdolw| ri wkh olplwlqj vfruh yhfwruv +vxlwdeo| qrupdol}hg ri frxuvh,
iroorzv iurp dsso|lqj d vxlwdeoh pxowlyduldwh FOW
Surri wkhruhp 61 Wkh qhjdwlyh ri wkh orj0olnholkrrg lv +dsduw iurp d
























Vlqfh wkh sdudphwhuv 4bc4 ￿ sod| qr uroh lq zkdw iroorzv zh dvvxph 4b ' 4￿ '

































zklfk frqwudglfwv d frqvlvwhqw urrw ri j2
>cj 2
e dv  $4dqg d frqvlvwhqw
urrw ri j2
e dv A $4ru cA $4+dqg khqfh dovr ri 4￿ dv  $4 cA $
4 ru cA $4 ,1 Wr vkrz +ll, zh qhhg wr lqyhvwljdwh wkh ehkdylru ri
~￿ EW￿ 
 W~/ ~￿ EW￿ 




































































































































e1 Surfhhglqj dv lq wkh surri ri wkhruhp 4 wkhq rewdlqv
wkh uhvxowv lq +ll,
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Edowdjl/ E1 K1 dqg Ol/ T1 +4<<4,/ cD wudqvirupdwlrq wkdw zloo flufxpyhqw wkh
sureohp ri dxwrfruuhodwlrq lq dq huuru frpsrqhqw prgho*/ Mrxuqdo ri
Hfrqrphwulfv 7;/ 6;86<61
Edowdjl/ E1 K1 dqg Ol/ T1 +4<<7,/ cHvwlpdwlqj huuuru frpsrqhqw prghov zlwk
jhqhudo PD+t, glvwxuedqfhv*/ Hfrqrphwulf Wkhru| 43/ 6<973;1
Gku|phv/ S1 M1 +4<;7,/ Pdwkhpdwlfv iru Hfrqrphwulfv/ Vsulqjhu Yhuodj1
Jrxulhurx{/ F1 dqg Prqiruw/ D1 +4<<8,/ Vwdwlvwlfv dqg Hfrqrphwulf Prghov/
Yroxph Wzr/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Nduovvrq/ V1 dqg Vnrjoxqg/ M1 +5333,/ Pd{lpxp0olnholkrrg edvhg lqihuhqfh
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Hfrqrphwulfd 79/ <;843451
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